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The present paper introduces a simple analytical model to predict the bed dimension of a continuous
FBCVD (fluidized bed chemical vapour deposition) process. The expressions for column diameter and
bed height were determined based on the target production rate, yield, conversion of the feed gas and
gas volume change in the system. The model proposed in this article suggests that the diameter of an
FBCVD column has to be reduced to enhance the conversion at a given production rate. To avoid linear
expansion of the column diameter upon scale-up, the conversion or the superficial velocity of the feed
gas has to increase, which results in an increase in the bed height. On the basis of the proposed model,
a reasonable preliminary column dimension can be outlined when only a limited number of process
parameters are available. CPFD (computational particle fluid dynamics) simulation results are presented
to verify the model.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Fluidization is an important process that enables large-scale
production of value-added solid products with effective heat and
mass transfer. Bed fluidization processing has found applications
in chemical vapour deposition (CVD) processes for various fine
solid particles, such as carbon nanotubes, SiO2, and SnO2 (Caussat
et al., 1995; Filtvedt et al., 2010; Hua and Li, 1999; Morooka
et al., 1990; See and Harris, 2007). CVD process is widely used spe-
cially in solid thin film coatings, high purity bulk powdery materi-
als and fabricating composite materials, etc (Creighton and Ho,
2001). During the CVD process, a precursor gas or gas mixture is
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Nomenclature

A reactor cross-sectional area, (m2)
Db bed diameter, (m)
dcat average diameter of catalyst, (m)
dp particle diameter, (m)
g gravitational acceleration, (m2/s)
H fluidization height, (m)
mcat mass of a catalyst, (kg)
mprd mass of the deposited solid product on a catalyst, (kg)
�mbed time-averaged bulk weight of particles in the bed, (kg)
_mbad time-averaged weight of a particle in the bed, (kg)
_mcat time-averaged weight of a catalyst particle, (kg)
_mout time-averaged weight of a catalyst + product particle in

the system, (kg)
�nbed time-averaged number of particles in the reactor, (–)
ng stoichiometric coefficient of by-product gas, (–)
DPb pressure drop of a fluidized bed with gas expansion due

to the reaction, (Pa)
DP0

b pressure drop of a fluidized bed without gas expansion,
(Pa)

S stoichiometric ratio, (kg/kg)
u0 superficial linear velocity of feed gas into the reactor,

(m/s)
Vcat volume of a catalyst, (m3)
Vprd volume of the deposited solid product on a catalyst,

(m3)
Xg actual conversion of the feed gas, (kg/kg)

y target yield after residence time, (kg/kg)
_y instantaneous yield at time t, (kg/kg)

Greek Letters
d gas expansion factor, (–)
e apparent bed voidage, (–)
emf bed voidage at minimum fluidizing conditions, (–)
l viscosity of the gas mixture, (Pa.s)
kin weight-averaged input velocity of particles, average

feed rate of catalyst, (kg/s)
kout weight-averaged output velocity of particles (produc-

tion rate), average target production, (kg/s)
qcat density of a catalyst, (kg/m3)
qprd density of the deposited solid product on a catalyst,

(kg/m3)
qg density of gas mixture in the system at reaction temper-

ature, (kg/m3)
qf �g density of the feed gas at reaction temperature, (kg/m3)
qs density of solid (catalyst + product) particles, (kg/m3)
_qs density of a solid particle at time t, (kg/m3)
�qs average density of particles in the system, (kg/m3)
s average residence time of particles in the system, (s)
tin number-averaged input velocity of particles, (s�1)
tv volumetric velocity of feed gas into the reactor, (m3/s)
tw weight-based input rate of feed gas into the reactor, (kg/s)
/s sphericity of particles, (–)
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injected into a column, where heated particles such as catalysts are
to be deposited after chemical reactions with the injected gas on
their surface as shown in Fig. 1(a). The exhaust gas, which is by-
product from the chemical reactions, would eventually exit the
system along with the unreacted residual precursor gas. The resul-
tant product should be particles with a thin film on the surface of
the heated particles.

As there are large variety of materials deposited and wide range
of applications, there are many variants of CVD. The process can
operate in either hot-wall columns or cold-wall column. The
process condition can adopt above-atmospheric or below-
atmospheric pressure, with or without carrier gases, and at tem-
peratures typically ranging from 200 to 1600 �C (Creighton and
Ho, 2001). One of the earliest application of a large-scale CVD
was a carbonyl process for refining nickel (Mond et al., 1890).
Many early applications involve refining or purification of metals
and some number of non-metals products through carbonyl or
halide processes (Powell et al., 1966). Other early applications
include deposition of coatings for wear and corrosion resistance,
and the fabrication of structural shapes and components (Powell
et al., 1966). Although, many high volume applications, including
refining and the production of powders and pigments, are still
important economically, most recent applications focus on film
deposition. For example, synthesis of metastable diamond film
under low-pressure has been an important application of CVD
due to high thermal conductivity, chemical inertness, or electronic
properties of diamond (Lee et al., 1999). Also, a lot of CVD research
has been going on in the area of semiconductor (Mills et al., 2002;
Neudeck, 1995; Berenbaum et al., 2021; Batey et al., 1989). For
example, CVD processes have been applied to deposit thin films
of the active semiconductor material such as doped Si (Neudeck,
1995) or conductive (Berenbaum et al., 2021) or insulating materi-
als (Batey et al., 1989).
2

The CVD techniques do not always involve FBR (Fluidized Bed
Reactor) system. SIEMENS adopted a bell-jar system for their
polysilicon production (Guenther et al., 2001). A cold wall rotating
disk CVD reactor was adopted for silicon or compound semicon-
ductor production (Breiland et al., 1999; Breiland and Evans,
1991). Gas fluidization of solid particles, however, offers several
advantages: first, fluidized beds are generally near-perfectly
isothermal; second, particles are thoroughly mixed, which results
in a near-perfect uniformity of surface treatment (Caussat et al.,
1995). Also, production through FBCVD is advantageous due to
the low production cost, low energy consumption and high pro-
ductivity (Jianlong et al., 2011). In fact, there have been a number
of cases adopting Fluidization system for CVD reaction. Wood et al.
(1991) attempted aluminium or titanium coatings on mica through
FBCVD. Cadoret et al. (2009) deposited silicon onto titanium oxide
powders. Hua and Li produced the nanocrystalline SnO2 films on
Al2O3 particles by FBCVD (Hua and Li, 1999). Morooka et al.
(1989) have deposited TiN either on agglomerates of Si3N4

nanoparticles, or on agglomerates of Al2O3 nanoparticles. King
et al. (2007) reports that ALD (atomic layer deposition) can be per-
formed in a fluidized bed under low pressure, to coat micro- and
nanometer particles by alumina (Al2O3). Sanjurjo et al. (1992)
listed a number of coating materials such as Si and Ti or Cu sub-
strates in a FBR. Zhang et al. (2010) produced carbon nanotube
(CNT) using Fe/Mo/vermiculite catalysts in a FBCVD system. Also,
a number of researchers has also studied pyrolysis of silane for sil-
icon film growth using FBCVD system (Filtvedt et al., 2010, 2013;
Hua and Li, 1999; Tejero-Ezpeleta et al., 2004; Furusawa et al.,
1988).

Even with a number of advantages and applications of FBCVD
processes, to the author’s best knowledge, there has been no clear
guideline on the column dimensions for FBCVD systems so far.
Although several efforts have been made in modelling of FBCVD



Fig. 1. Schematic presentation of (a) mass of a catalyst and the reaction on the surface (b) mass of a catalyst + product, feed gas and exhaust gas (c) density of a
catalyst + product at time t during CVD growth.
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(Calderbank and Toor, 1971; Partridge and Rowe, 1966; Horio and
Wen, 1977); these models are mostly focusing on the prediction of
microscopic phenomena such as bubble size distribution. However,
for the best productivity, the bed dimension has to be carefully
modelled and optimized before studying inner complex events.
Mostly, process engineering and scale-up of these processes are
carried out without much effort into preliminary calculations or
optimization. Therefore, performing process optimization without
fully understanding the underlying principles often leads to a
trial-and-error approach to the problem and hence results in a
waste of time and cost.

In the present study, a simple analytical model is presented to
help design an FBCVD column at the initial basic engineering step.
The model derived herein is based on the theoretical expression for
minimum fluidising systems. At higher feed gas rate, for example,
for bubbling or slugging conditions, one may have to give extra
3

margin to the bed dimension by increasing the column height.
Also, depending on the changes in gas volume of the bed due to
the CVD reaction, some adjustments to the bed dimension would
be necessary.

The derivation of bed dimension was done analytically and ver-
ified through CPFD (computational particle fluid dynamics, com-
mercial name Barracuda�, Albuquerque, USA) simulations. For
most simulation studies for fluidized bed system, both Eulerian-
Eulerian two fluid model (TFM) and Eulerian-Lagrangian discrete
element model (DEM) have been adopted (Wu et al., 2018). TFM
has its own limitation as it treats gas and solid as interpenetrating
continua and thus discrete solid particles cannot be considered.
Consequently, TFM cannot account for particle size distribution
or shear stress of the particles. DEM treats the fluid phase as a con-
tinuum by solving time-averaged Navier-Stokes equations, while
the particle phase is described by the Newton equation (Wu
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et al., 2018). Unlike the TFM, each particle can be tracked individ-
ually and also the interaction between particle/particle and parti-
cle/fluid can be calculated. However, using DEM method to
describe a fluidized bed systemwith numerous number of particles
is virtually impossible as DEM can handle only limited number of
particles on the order of 2*105 (Shi et al., 2014).

CPFD is an efficient way of simulating a large-scale particle sys-
tem (Snider et al., 2011), based on Eulerian-Lagrangian scheme
with the MP-PIC (multi-phase-particle in cell) method. The CPFD
method is a hybrid numerical method, in which the fluid phase
is calculated with an Eulerian computational grid and the solids
are predicted using Lagrangian computational particles or parcel-
of particles in which particles are grouped with the same proper-
ties such as size, density, velocity, residence time, etc (Snider,
2007). Thanks to its parcel of particles method, CPFD can simulate
large-scale system with billions of particles in relatively short time
compared to other tools. Therefore, CPFD, in terms of computa-
tional cost and time, is the best tool to describe a fluidized bed sys-
tem, which always involves numerous particles.

All column dimensions tested herein with CPFD can also be
realized experimentally. However, it is very expensive to build
each and every column of different dimensions. Moreover, for
some catalytic reactions conducted at high temperature in an
FBCVD system, it is very difficult to visualize the particle dynamics
occurring inside the reactors. In this case, simulation is a superior
tool to visualize and verify a process model. There are numerous
reports that have verified the feasibility of the CPFD simulation
method as a substitute for a real process (Abbasi et al., 2011;
Cheng et al., 2012; Wang et al., 2014; Parker, 2011), which includes
an example of simulation of FBCVD system for polysilicon deposi-
tion (Parker, 2011). Additionally, process simulations using CPFD
can serve as an effective way of predicting system behaviour after
scale-up.

2. Modelling

2.1. Definition of yield

For an FBCVD process, generally, a certain amount of fine cata-
lyst particles is injected in through the upper part of a reactor, after
which the reactant vapour is decomposed on the surface of the cat-
alysts and converted to solid product. Therefore, the solid particles
grow heavier with time, and after a certain residence time, the par-
ticles are to be harvested from the bottom of the reactor.

Here, imagine we have grown particles on catalysts of average
mass mcat, as depicted in Fig. 1. Additionally, imagine that, after a
certain residence time, the gaseous reactant has been deposited
as solid product of mass, mprd, on the surface of the catalyst.

Let us define the yield (y) as below:

y ¼ mprd

mcat
ð1Þ

One needs to determine the value of y through a simple analysis
of reaction kinetics, such as through a quartz boat experiment (Ni
et al., 2006; Makris et al., 2005; Philippe et al., 2009). The final yield
can be obtained by measuring the difference in mass between the
catalysts and the final product particles after allowing the reaction
to proceed for a designated residence time. Therefore, the ratio of
the production rate (kout) to the catalyst input rate (kin) should be
expressed as below:

kout
kin

¼ mcat þmprd

mcat
¼ 1þ y ð2Þ

The yield term is both spatially averaged and time-averaged.
Overall, harvested particles should exhibit the average yield over
time. Particles may show different yields from one another and
4

deviate from the average yield. However, the difference should
be infinitesimal, given that catalyst particles are produced in such
a fashion that the concentration and distribution of active sites on
the catalysts are almost even.

2.2. Pressure drop

2.2.1. Model I: Fast reaction model
Fig. 2(a) is a simple illustration of an FBCVD system that depicts

an ideal case of a very fast reaction with effective mixing. This sim-
ple, ideal model is based on the assumption that the reaction is so
fast that a particle mass in the system is almost the same as that of
an outflowing particle. Additionally, each particle resides inside the
reactor for the residence time, and the number of inflowing parti-
cles is almost the same as that of outflowing particles, which indi-
cates that the system is at steady state in terms of particle
numbers. Therefore, the average number of particles in the bed
can be expressed as follows:

�nbed ¼ tins ð3Þ
Here, �nbed and tin indicate the time-averaged number of parti-

cles in the reactor and the number-averaged input velocity of par-
ticles, respectively. s is the average residence time of particles in
the system. The time averaged number of particles in the bed
should equal the time averaged bulk weight of the bed divided
by the average weight of particles. Also, the number-averaged
input velocity equals the weight-averaged velocity divided by the
average weight of the particles. Therefore, Eq. (3) can be replaced
with

�mbed

_mbed

¼ kin
_mcat

s ð4Þ

where �mbed and _mbad denote the time-averaged bulk weight of par-
ticles in the bed and time-averaged weight of a particle in the bed,

respectively. _mcat indicates the time-averaged weight of a catalyst
particle. For a steady-state continuous system, the following rela-
tion is true.

_mbed ¼ _mout ð5Þ

where _mout indicates time-averaged weight of a catalyst + product
particle in the system.

Eqs. (4) and (5) give

�mbed ¼ kins
_mout

_mcat

ð6Þ

From Eq. (1),

_mout

_mcat

¼ 1þ y ð7Þ

Solving Eqs. (6) and (7) simultaneously, cancelling the term _mcat

gives

�mbed ¼ kins 1þ yð Þ ð8Þ
We know that

DP0
b ¼ �mbedg

A
ð9Þ

where DP0
b indicates the pressure drop of a fluidized bed without

gas expansion from CVD reaction. A is cross sectional area of the col-
umn and g is the gravitational acceleration.

Combining Eqs. (8) and (9) gives the expression for the pressure
drop for system I as depicted in Fig. 2(a):



Fig. 2. Illustration of time averaged particles distribution of (a) fast reaction FCVD and (b) slow reaction FCVD.
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DP0ðIÞ
b ¼ kin 1þ yð Þsg

A
¼ koutsg

A
ð10Þ

As expected from the assumptions previously mentioned, this
model should lead to an overestimation of bed pressure drop due
to the premature particles in the system. To correct this issue, a
more realistic model accounting for the particle size distribution
of the bed is introduced below in Model II.

2.2.2. Model II: Slow reaction model
The system illustrated in Fig. 2(b) accounts for reactions similar

to the real FCVD process. The reaction rate is relatively slow, and
hence, there exist a considerable number of raw catalysts and
small particles inside the reactor. The particle size shows an almost
standard distribution, and after a certain residence time, the parti-
cles are harvested from the bottom. For the system depicted in
Fig. 2(b), we start from Eq. (4). If the growth of one particle is con-
sidered, the average particle size is related to yield as below:

_mbed ¼ 1
s

Z s

0

_mcat 1þ _yð Þdt ð11Þ

Here, _y is the instantaneous yield at time t. The yield change is
assumed to be linearly proportional to time as below:
5

_y ¼ y
s

� �
t ð12Þ

Unlike in Model I, the yield is directly proportional to the pro-
ductivity and thus can be assumed to be proportional to time for
a very slow reaction such as carbon nanotube growth (Philippe
et al., 2009). For a very slow reaction, it is hard to achieve high con-
version within a reasonable period of residence time. In this case,
the reaction rate is more affected by the quality of the catalysts
than the hydrodynamic mixing efficiency of the surrounding fluid,
especially at the minimum fluidization condition.

Obviously, Eq. (12) can be replaced by a more elaborate kinetics
expression, such as a quadratic equation based on laboratory
experimental data. One can adopt an appropriate expression of
conversion versus reaction time. These elaborate forms of kinetic
formulas may well explain the microscopic behaviour of chemical
deposition at the reaction sites and work well at a laboratory scale.
However, such formulas are not always expected to be successful
in describing the overall bulk fluidization behaviour, mostly due
to the accumulation of error from each reaction site. The kinetic
model should be able to predict the target yield after a designated
residence time in a large-scale column. Therefore, in this work, the
reaction kinetics is limited to zero order kinetics, where the
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production rate is assumed proportional to time, which is mostly
the case with very slow reactions.

As _mcat is independent of time, Eq. (11) becomes

_mbed ¼ _mcat 1þ y
2

� �
ð13Þ

Solving (2), (4), (8) and (13) simultaneously gives the following
expression for the pressure drop in terms of the target production
rate, kout:

DP0
b ¼ kinsg 1þ y

2

� �
A

¼ koutsg 1þ y
2

� �
A 1þ yð Þ ¼ 1þ 0:5yð Þ

1þ yð Þ DP0ðIÞ
b ð14Þ

A correction factor of (1 + 0.5y)/(1 + y) was introduced into the
above expression, in addition to the Model I pressure drop, DPb

0(I).
This correction factor is obviously less than one and thus corrects
the overestimation of DPb

0(I). However, when the yield is very
low, the above correction factor converges to one, and thus the
two models, Model I and Model II, become almost the same as
there exist mostly raw catalysts in the two systems.

Eq. (14) does not consider the increase in drag force due to gas
expansion during the CVD reaction. DPb

0(I) indicates the bed pres-
sure drop with no gas expansion and no change in particle size
and density. The change in the total number of gas molecules dur-
ing the reaction should affect the overall pressure drop of the bed,
which will be discussed in Section 2.4 below. For now, we need an
expression for the column cross-sectional area (A) in Eq. (14),
which will be derived in the following section.

2.3. Column diameter

The expression for the column diameter can be derived from a
simple mass balance as described below. The volumetric velocity
of the feed gas is equal to the product of superficial velocity and
the cross-sectional area of the reactor.

tv ¼ u0A ð15Þ
where tin volumetric velocity of feed gas into the reactor and u0 is
indicates the superficial linear velocity of feed gas into the reactor.

Eq. (15) can be rewritten in mass-based terms as follows:

tw ¼ u0Aqf :g ð16Þ
tw is the weight-based input rate of feed gas into the reactor and
qf �g is the density of the feed gas at reaction temperature and Eq.
(16) depicts the case without chemical reaction. When a reaction
takes place, the mass balance for the fluidized bed should be
expressed as follows:

[Rate of feed gas consumption (kg/s)] = [Rate of feed gas conver-
sion into product (kg/s)]

Therefore, when a CVD reaction occurs with the conversion of
the feed gas, Xg in the reactor, Eq. (16) becomes:

S kout � kinð Þ ¼ u0Aqf :gXg ð17Þ
The left-hand side of Eq. (17) refers to the steady state produc-

tion rate (kout – kin) multiplied by the stoichiometric ratio (S). The
stoichiometric ratio is the mass ratio of the reactant over the pro-
duct when one mole of reactant gas has gone through the chemical
reaction. Rearranging Eq. (17) gives:

A ¼ S kout � kinð Þ
u0qf :gXg

ð18Þ

As A ¼ p
4D

2
b ,

Db ¼ 4S kout � kinð Þ
pu0qf :gXg

 !1=2

¼ 4Sykin
pu0qf :gXg

 !1=2

ð19Þ
6

All the parameters appearing on the right hand side of Eq. (19)
are either physical properties or target values for the process
design. For example, y is determined if you set the target produc-
tivity (kout), given the feed flow rate of catalyst (kin). Also, the
superficial velocity, u0 is not an arbitrary value but has to be deter-
mined from a reasonable range that allows minimum fluidization
of the bed. S is already determined by the stoichiometric relation
of the chemical reaction on the catalyst surface. qf.g is a physical
property that one can either find from a data book or obtain from
experiments. Xg is conversion of the feed gas that a process
designer wants to achieve from the system. Note that Xg is not a
dependent variable. It, rather, ultimately affects the dimension of
a column. For instance, one needs to reduce the column diameter
(Db) if one wants to set higher conversion of the feed gas, Xg at a
fixed production rate, as can also be inferred from Eq. (19). In this
case, the column diameter should decrease and the bed height
should increase to maintain the bed volume and the production
rate. Furthermore, the column diameter decreases as the superfi-
cial velocity of the feed gas increases, which should result in a
bed height increase. Another important perspective is that the col-
umn diameter should decrease when the reaction rate slows down.
In other words, when dealing with poorly performing catalysts that
always give a low yield (y), the column diameter should be down-
sized accordingly, as the column diameter is proportional to y1/2 in
Eq. (19).

2.4. Bed height

One needs to know the approximate bed height to determine
the column height. Without knowing the fluidized bed height
(H), one cannot design the column and the associated accessory
facilities properly. The expression for the bed height was derived
starting from a simple force balance exerted on a particle at mini-
mum fluidization (Kunii and Levenspiel, 1991).

(Drag force by upward-moving gas) = (Downward weight of
particles),

which can be rewritten as:
(Pressure drop across bed)(Cross-sectional area of the reactor) =

(Volume of bed)(Fraction consisting of solids)(Specific weight of
solids)

The above relation can be realized as a balanced equation as fol-
lows (Kunii and Levenspiel, 1991):

DPbA ¼ AHð1� emf Þð�qs � qgÞg ð20Þ
where �qs is average density of particles in the system and qg is den-
sity of gas mixture in the system at reaction temperature. emf is bed
voidage at minimum fluidizing conditions.

In case the number of gas molecules changes during the CVD
reaction on the surface of the catalyst, one has to take into account
the change in the drag force of the upward-moving gas on the left
side of the Eq. (20). As depicted in Fig. 1(a), we have a model sys-
tem of gas a deposited and converted to solid product b, where gas
c is produced as a by-product:

a gð Þ ! b sð Þ þ ngc gð Þ ð21Þ
In the expression above, ng mole of gas c is generated when

1 mol of gas a is deposited as the solid product b. If ng is two,
2 mol of c gas are generated while 1 mol of a gas disappears. How-
ever, if the conversion is 0.5, only half of the a gas reacts and thus
final gas volume (a + c) should be 1.5 times higher than that of the
feed gas. Therefore, gas expansion factor, d should be defined as
below:

d ¼ 1þ ðng � 1ÞXg ð22Þ
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According to the above relation, 1.5 of d is obtained when
Xg = 0.5 and ng = 2, as aforementioned. As the system studied here
is of very slow reaction, very low Damköhler number (Da) is
expected for this system as well. At low Da number, the convective
mass transfer rate overpowers the reaction rate. Therefore, the
deviation of gas concentration is expected to be very low through-
out the column, above minimum fluidizing condition. As the drag
force increases proportional to the total number of gas molecules,
the expression for the overall pressure drop with gas expansion
due to the chemical reaction (DPb) should be

DPb ¼ dDP0
b ¼ 1þ ðng � 1ÞXg

� �
DP0

b ð23Þ
As the density of most gas molecules is very small compared to

the solid density, with a difference of 2 ~ 3 orders of magnitude, qg

can be assumed to be negligible. Combining Eqs. (20) and (23)
gives

H ¼ 1þ ðng � 1ÞXg
� � DP0

b

ð1� emf Þ�qsg
ð24Þ

The size and the density of particles change with yield, and
thus, this change has to be taken into account. The average particle
density, �qs in Eq. (24) has to be obtained by integrating over the
yield change.

Let us define _qs as the density of the product at yield _y, as
shown in Fig. 1(c).

An expression for _qs can be easily derived as follows, using the
density values of both the catalyst (qcat) and the deposited solid
(qprd).

_qs

qcat
¼

mcatþmprd

VcatþVprd

� �
mcat
Vcat

� � ¼ mcat þmprd

mcat

� 	
Vcat

Vcat þ Vprd

� 	
ð25Þ

Vcat and Vprd indicate the volume of the catalyst and deposited solid,
respectively. Note that Vprd is the volume of deposited product only
and excludes Vcat, the volume of catalyst.

As
Vcat þ Vprd

Vcat
¼ 1þ Vprd

Vcat
¼ 1þ _y

qcat

qprd
ð26Þ

and with Eqs. (1) and (26), Eq. (25) can be rearranged to:

_qs ¼
qcatð1þ _yÞ
1þ qcat

qprd
_y

ð27Þ

The above expression is integrated over yield to give the aver-
age density of the particles, with the catalyst density equal to qcat

at y = 0.

�qs ¼
1
y

Z y

0
_qsd _y ¼ qcat

y

Z y

0

1þ _y
1þ qcat

qprd
_y
d _y ð28Þ

The integration of the above expression gives

�qs ¼
qprd

y
� q2

prd

qcaty

 !
ln

qcat

qprd
yþ 1

 !
þ qprd ð29Þ

Although Fig. 1(c) only illustrates a spherical particle, the above
expression for the average particle density is not limited to perfect
spheres but also includes particles of low sphericity.

As DP0
b ¼ 1þy

2ð Þkinsg
A from Eq. (14), Eq. (24) can be rearranged to

H ¼ 1þ y
2

� �
kins

ð1� emf Þ�qsA
1þ ðng � 1ÞXg
� � ð30Þ

With the expression for A, the cross-sectional area of the col-
umn from Eq. (18), the above Eq. (30) becomes
7

H ¼
u0qf :gkins 1þ y

2

� �
Xg þ ðng � 1ÞX2

g

n o
S�qs kout � kinð Þð1� emf Þ ð31Þ

Combining Eq. (31) with Eqs. (2) and (29) gives

H ¼
u0qf :gsXg

1
y þ 1

2

� �
1þ ðng � 1ÞXg
� �

Sð1� emf Þ qprd

y � q2
prd

qcaty

� 	
ln qcat

qprd
yþ 1

� �
þ qprd


 � ð32Þ

or

H ¼
u0qf :gsXg

1
y þ 1

2

� �
Sð1� eÞ qprd

y � q2
prd

qcaty

� 	
ln qcat

qprd
yþ 1

� �
þ qprd


 � ð33Þ

where

e ¼ emf � 1
1þ ðng � 1ÞXg

þ 1 ð34Þ

Here, emf in Eq. (32) is bed voidage at minimum fluidization that
does not consider gas expansion or shrinkage due to the catalytic
reaction. e in Eq. (33) is apparent bed voidage that considers gas
volume change and thus is the one to be compared with the actual
experimental or simulation results. Without gas volume changes at
ng = 1, Eq. (33) turns to an expression for minimum fluidisation,
where e = emf. The relation between e and emf is described in Eq.
(34). The bed voidage, e in Eq. (34) goes above emf while ng is
greater than 1. This implies that gas generation could result in
gas velocity well above minimum fluidization velocity and hence
result in longitudinal bed expansion, as there is no constraint of
the bed top surface. On the contrary, ng less than 1 gives e value
lower than emf. In this case, the gas is being lost due to the CVD
reaction and hence the overall bed height decreases.

From Eq. (33), one can notice that the bed height increases with
the residence time, s of the particles. This might be the case with
catalysts of very poor performance that leads to very slow reaction.
Although our model deals with a slow CVD reaction system, further
retarded reaction rate would lead to longer residence time of the
particles and hence result in more particles residing in the system.
This will ultimately increase the bed height. The residence time, s
corresponding to the yield (y) used for the calculation of Eq. (19)
can be obtained from a simple kinetic experiment, as mentioned
in Section 2.1. The bed voidage, e can be set based on the data from
literature or obtained from a small scale lab experiment. This ini-
tial input value can be ultimately adjusted by the simulation result.

As seen from Eq. (32), one needs to increase the bed height to
achieve higher conversion at a fixed production rate, which agrees
well with the aforementioned argument. Note that Eq. (32)
describes a minimum fluidizing bed if ng is one or Xg is very low.
In case ng equals one, the stoichiometric ratio of input gas and
exhaust gas is the same and therefore no gas expansion occurs near
the catalytic site. If ng is larger than one, the product gas volume
exceeds that of reactant gas, which would lead to local bubbling
near the catalytic active sites and subsequently increase overall
bed height, H in Eq. (32). This observation would result in increase
in apparent bed voidage, e. Eq. (34) gives e value of 0.6 at emf = 0.4
when Xg = 0.5 and ng = 2. Larger e values result in less gap between
e and emf values, for instance, e of 0.69 giving emf of 0.54. In case of
excessive gas expansion, one needs to reduce input gas rate
accordingly. On the contrary, if ng is less than one, the overall gas
volume would dwindle as the reactant gas undergoes catalytic
reaction. In that case, one needs to adjust the gas feed rate to com-
pensate for the loss. For instance, if the target conversion is 0.5
when ng is zero, the system is losing half of the feed gas after the
reaction and thus one may have to make up the corresponding
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amount of gas with inert gas to keep the system above minimum
fluidisation.

One of the advantages of the model proposed in this work is
that a process engineer can easily determine the column dimen-
sion at high degree of freedom. If one understands the CVD system
at hand, he or she can set their target productivity and conversion
at his or her disposal. Next session discusses an example of a model
system that utilizes the model proposed herein.

3. Results and discussion

3.1. Model system

Let us define a model system of carbon nanotube (CNT) synthe-
sis using ethylene gas as the reactant. The reaction occurs at 700 �C
as follows,

C2H4 ? 2C(CNT) + 2H2

Here, the gas mole ratio ng in Eq. (32) equals 2, and the stoichio-
metric ratio, S, is defined as below,

S ¼ mass of 1 mole C2H4

mass of C produced from 1 mole of C2H4

¼ mass of 1 mole C2H4

mass of 2 mole C
¼ 1:16667 ð35Þ

In this model system, the target yield was set to be 5 ~ 10, and
the corresponding residence time was set to be 45 min (2700 s).
The emf value of 0.69 for absorption carbon (Kunii and
Levenspiel, 1991) was adopted for model calculations tabulated
in Tables 2, 3 and Figs. 3, 4. The material properties, such as gas
density and viscosity, at 700 �C are all tabulated in Table 1. As men-
tioned before, the yield has to be obtained through preliminary
experiments at reaction temperature, 700 �C in this case. The yield
value can then give the feed rate of catalysts at the target produc-
tion rate, as suggested by Eq. (2).

To prevent either sedimentation or entrainment of the particles,
one needs to find the minimum fluidizing velocity and the terminal
velocity, from which the superficial velocity must be determined.
The value of the minimum fluidizing velocity (umf) was obtained
using the expression proposed by Kunii and Levenspiel (1991).

1:75
e3mfus

dpumfqg

l

� 	2

þ 150 1� emf

� �
e3mfu2

s

dpumfqg

l

� 	

¼
d3
pqg qs � qg

� �
g

l2 ð36Þ

An expression for dp in Eq. (36) can be easily derived from Eq.
(26) as follows:
Table 1
Common input parameters.

Parameters Values

u0 0.05 m/s
Xg 0.2 ~ 0.5 g/g
qcat 110 kg/m3

qprd 60 kg/m3

S 1.16667 kg/kg
qf :g 0.35 kg/m3

qs 60 kg/m3

dcat 200 lm
s 2700 s
emf 0.69
/s 0.8
l 2.733E-05 Pa�s

8

dp

dcat
¼ Vcat þ Vprd

Vcat

� 	1=3

¼ 1þ y
qcat

qprd

 !1=3

ð37Þ

Here, qcat corresponds to the density of the catalysts, and qprd

corresponds to the density of the CNTs. dp indicates the average
diameter of a particle bearing a catalyst in the centre and CNT
growing on the surface. dcat indicates the average diameter of cat-
alysts. The viscosity of mixed gas, l, was obtained using the
expression proposed by Francis (Francis, 1958). The density of
mixed gas, qg, was obtained byqg ¼

P
xiqi, where the density of

the feed gas, C2H4, is 0.35 kg/m3, and that of H2 is 0.025 kg/m3 at
700 �C. The mole fraction of each gas, xi, was used at a conversion
of 0.5. Although conversion can affect the values of l and qg, the
umf value was found to be quite insensitive to changes in these
variables. The values of l and qg at a conversion of 0 and those
at a conversion of 0.5 resulted in only an approximately 0.5% differ-
ence in umf values. Calculations using Eq. (36) and the parameters
in Table 1 gave a umf of 2.9 cm/s for fully grown particles at a max-
imum yield of 10 and conversion of 0.5.

The terminal velocity (ut) was calculated using the expression
suggested by Haider and Levenspiel (Haider and Levenspiel,
1989) as follows:
ut ¼ u�
t

q2
g

l qs � qg

� �
g

2
4

3
5

�1=3

ð38Þ
where the dimensionless terminal velocity (ut*) and particle diam-

eter (dp*) are expressed as u�
t ¼ 18

d�pð Þ2 þ
2:335�1:744us

d�pð Þ0:5
� �1

d�
p

¼ dp
qg qs�qgð Þg

l2

� 1=3
The terminal velocity (ut) for raw catalysts was calculated to be

8.18 cm/s, which was also insensitive to changes in l and qg. Here,
it should be stressed that the umf value was chosen for the heaviest
possible CNT particles, whereas the ut value was chosen for the
lightest particles, the catalysts. Note that this work considers a
continuous FBCVD system, not the transient phase where the par-
ticles are still growing to reach the maximum yield. Therefore, in
steady state, some of the particles in the system have reached
the maximum yield, and hence, it is irrelevant to examine the time
evolution of umf and ut due to the growth of the particles. To make
sure that all the particles are properly suspended and no particles
are entrained out of the system, the criterion for the superficial
velocity should be a value between umf of the fully grown particles
and ut of the raw catalysts. This condition should give only a nar-
row process window, which is between 2.9 cm/s and 8.18 cm/s
in our model system. The selected value for superficial velocity in
this work was 5 cm/s, which is quite close to the umf above but also
far enough to allow a reasonable margin of error. Considering that
the ut of fully grown particles was calculated to be 29.4 cm/s, the
superficial velocity of 5 cm/s should be sufficient to ensure mini-
mum fluidization behaviour.

Table 2 compares the dimensions at a conversion of 0.3 and 0.5.
A conversion of 0.3 means that 30% of the input feed gas has been
converted to the solid product and the remaining 70% of the unre-
acted gas has escaped the system through the top of the reactor. As
seen from Table 2, the reactor diameter should be reduced to
increase the conversion at the same production rate. Scale 1 repre-
sents a small-scale column with a production rate of 1.0E-5 kg/s,
and Scale 2 represents a relatively larger-scale column with a pro-
duction rate of 5.0E-5 kg/s. Fig. 3 shows the influence of the con-
version on the bed height. It is clear that the bed height
increases with conversion.



Table 2
Mass flow rate and calculated FCVD dimensions at yield = 10.

Input Scale-1 Scale-2

Xg 0.3 0.5 0.3 0.5

kin(kg/s) 9.09E-07 9.09E-07 4.55E-06 4.55E-06
kout(kg/s) 1.00E-05 1.00E-05 5.00E-05 5.00E-05
Db(cm) 5.07 3.92 11.33 8.78
H (cm) 44.99 86.52 44.99 86.52

Table 3
Comparison of FCVD dimensions at yield 5 and 10 (conversion = 0.3).

Input Scale-1 Scale-2

Y 5 10 5 10

kin(kg/s) 1.67E-06 9.09E-07 8.33E-06 4.55E-06
kout(kg/s) 1.00E-05 1.00E-05 5.00E-05 5.00E-05
Db(cm) 4.85 5.07 10.85 11.33
H (cm) 49.18 44.99 49.18 44.99

Fig. 3. Dependence of the bed height on yield at varying conversions of the feed gas.

Fig. 4. Dependence of column diameter of (a) small scale and (b) l
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Other important input parameters are the mass flow rates in
and out of the reactor, i.e., the catalyst feed rate (kin) and produc-
tion rate (kout). A higher yield at a fixed production rate should
require a lower catalyst feed rate into the system. Table 3 com-
pares the bed dimensions at yields of 5 and 10. Calculations were
carried out using the parameters presented in Table 1. Table 3
shows that with a rise in yield, the column diameter slightly
increases but the bed height decreases. Fig. 4(a) and (b) show the
effect of conversion on the column diameter at Scale 1 and Scale
2. The results clearly show that the diameter has to be reduced
to increase the conversion of feed gas. Werther (1992) also men-
tioned that with an increase in bed diameter, the conversion
decreases due to the decrease in gas holdup.

The bed height is not affected by changes in production rate at a
fixed yield, bed voidage and conversion. In other words, the bed
height stays constant regardless of the production scale if the reac-
tion conditions stay the same. This is because the superficial veloc-
ity is kept constant throughout the scale change. However,
increasing only the column diameter while keeping the same
height can be costly. With the same reaction conditions and the
same catalysts, one way to overcome this problem is to decrease
the reactor diameter by increasing the conversion, as discussed
above. Let us take an example of this case. From Table 2, it can
be seen that at a conversion of 0.5, scale-up from Scale 1 to Scale
2 only increases the bed diameter, not the height. The bed diameter
increases from 3.92 cm to 8.78 cm, but the bed height stays the
same at 86.52 cm. However, as the conversion increases from 0.3
to 0.5, the bed diameter in Scale 2 decreases from 11.33 cm to
8.78 cm, at the expense of an increase in the bed height from
44.99 cm to 86.52 cm. This strategy can save engineers from exces-
sive expansion of the column diameter. Another way of reducing
the column diameter is through increasing the superficial velocity
of the feed gas. The superficial velocity, however, should be within
a reasonable range below the terminal velocity to avoid vigorous
bubbling behaviour. Therefore, one has to evaluate the situation
at hand and manipulate process parameters carefully. If the situa-
tion requires drastic scale-up and a high production rate, one can
develop a parallel arrangement of multiple small-scale FCVD
reactors.

For the sake of simplicity, model verification was performed
using parameters tabulated in Tables 1 and 4. For practical pur-
poses, diameters with integer values, i.e., 5 cm and 10 cm, were
chosen for model simulations, and the scales were designated as
Scale 1 and Scale 2. Simulation was performed with CPFD (Bar-
arge scale on the yield at varying conversions of the feed gas.



Table 5
Input parameters in the CPFD simulation.

Particle-to-particle
interaction

Close pack volume fraction 0.61
Maximum momentum redirection
from collision

40%

Particle to wall
interaction

Normal to wall momentum retention 0.85
Tangent to wall momentum retention 0.85

Injection BC Injection velocity of the catalyst 0.25 m/s
Thermal wall Enabled 973.15 K
Chemistry Coefficient type Discrete

Coefficient (ko) y/s
Solver Time step 0.01 s

End time 2760 s
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racuda 17.0.3, Windows version), and the results are presented in
the following section. This work followed the same treatment as
described by Shi et al. (2014) for the governing equation and the
drag model for the solid phase.

3.2. Simulation results

Table 5 lists the input parameters used in the CPFD simulation.
As the initial condition, the reactor was set to be filled with nitro-
gen gas at 700 �C and 1 atm. The total height of the FCVD reactors
was set at 100 cm for both Scale 1 and Scale 2. For the chemistry
input menu, the simulator was set to solve the following 3 equa-
tions simultaneously.

dmCNT

dt
¼ k0mcat ¼ y

s
mcat

dmC2H4

dt
¼ �S

dmCNT

dt
¼ �1 � 16667dmCNT

dt

dmH2

dt
¼ 2S

MWH2

MWC2H4

dmCNT

dt
¼ 0 � 16667dmCNT

dt
ð39Þ

In the above expressions, mcat and mCNT correspond to mcat and
mprd, respectively, in Fig. 1(b). Additionally, MWH2 and MWC2H4

indicate the molecular mass of H2 and C2H4 gas, respectively.
Note that all the units of the left-hand side and the right-hand

side of the above equations are in kg/s. The simulator calculates
mcat with the values of density and particle diameter given in
Table 1. The above expressions in Eq. (39) indicate that the rate
of this reaction is almost constant, as in a zero-order reaction. Note
that this model system simulates CNT growth for approximately
45 min, which is a very slow reaction. The maximum conversion
to be achieved was set at 0.5, which is also quite low. In such a sys-
tem, the reaction rate is almost constant, as described in the reac-
tion kinetics and studied by Philippe et al. (2009). The productivity
increases linearly with time, which is almost like a zero-order reac-
tion. This phenomenon for CNT was also observed by Pérez-Cabero
et al. (2004). They observed almost linear growth of CNT up to
100 min of reaction time, which is good enough for zero-order
reaction approximation. Although the reaction rate is generally a
function of the temperature and pressure of the feed gas, the pres-
sure effect of the gas is ignored here, as the reaction rate is not lim-
ited by the mass transfer rate or mixing efficiency, but by the
quality of the catalysts. The temperature effect is also ignored here
as the diameters of the reactors are relatively small and thus
assumed to be uniform in temperature. Overall, for a very slow
reaction with a low Damköhler number, the mixing effect is often
ignored, as the rate-determining factor is the reaction rate itself.

As soon as the particles, previously injected into the column at
time zero, reach the target yield after the residence time of 2700 s,
the simulation reaches steady state. The end time for the simula-
tion was set at 2760, seconds with a marginal 60 s in case of data
fluctuations. Fig. 5(a)~(d) demonstrate simulation results after
2700 s of the operation. The particle streams injected from above
the columns observed in Fig. 5(a)~(d) represent feeding of catalysts
as these systems are at continuous steady state. In case of Fig. 5(c)
Table 4
Mass flow rate and calculated FCVD dimensions for model simulations.

y = 5 y = 10

Scale-1 Scale-2 Scale-1 Scale-2

Xg 0.500 0.500 0.34 0.34
kin(kg/s) 2.95E-06 1.18E-05 1.01E-06 4.04E-06
kout(kg/s) 1.77E-05 7.09E-05 1.11E-05 4.44E-05
Db(cm) 5.00 10.00 5.00 10.00
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and (d), yellowish colour is observed near the bottom of each col-
umn, which means higher particle volume fraction due to higher
yield of the particles (y = 10) near the bottom. The sparse red parts
observed in Figure (b) must be from instantaneous uneven distri-
bution of particles. Overall, Figure (a)~(d) show no signs of critical
void space, which might be expressed as big chunks of blue space.
Therefore, the systems presented in Fig. 5 seem to be operating at
bubbling stage, above minimum fluidization and yet below slug-
ging stage.

Table 6 lists the simulation results and compares them with the
model predictions. The values of conversion, Xg, were obtained
from the mass flow rate of ethylene gas exiting the top face of
the column divided by the mass flow rate entering through the
bottom face of the column. The gas flux data were set to be gener-
ated simultaneously as the simulation ran. The bed voidage (e) val-
ues were extracted by subtracting the cell-averaged volume
fraction of the bed from one. These e values were adopted as input
variables for model calculations and used to calculate emf values
through Eq. (34). All these e and emf values are tabulated in Table 6.

As can be seen from Fig. 5 and Table 6, the predicted values of
bed height H and conversion Xg agree well with the simulation
results. Compared to the model predictions, simulation gave
slightly higher values of conversion and bed height, except for
the case of Scale 1 at y = 5. Obviously, higher Xg values should give
higher bed height, H. Therefore, increase in simulated H values
could be attributed to the higher simulated conversion values, Xg.
In case of Scale-1 at y = 5, however, simulation gave higher bed
height than the model predicted value, even when the simulated
conversion is lower than model prediction. This might be due the
narrow column with high aspect ratio. The simulated aspect ratio
of this system is almost 17.5, with the bed diameter and height
being 5 cm and 88.4 cm, respectively. The high aspect ratio of
the bed must be attributed to the pressure change due to gas gen-
erating reaction, which results in an operation well above mini-
mum fluidization.

Werther (1992) indicated that an increase in bed diameter
results in reduced gas holdup. In other words, a reduced bed diam-
eter would result in increased gas holdup. Additionally, it is
reported that a small column diameter gives significantly larger
bubbles in bubbling fluidized beds (Mori and Wen, 1975). Maybe
this difference in bubble size is due to the wall effect since the par-
ticles experience more contact with the wall as the column diam-
eter decreases. This effect would be more manifested as the aspect
ratio of the bed increases, due to the accumulation of gas holdup
along the bed height. Therefore, one has to take extra caution when
dealing with a system with relatively narrow columns.

Table 6 shows that the simulated e values are mostly above 0.7,
which is quite high. The emf values extracted from these e values
using Eq. (34) are in the range of 0.58 ~ 0.64, also shown in Table 6.
The relatively high emf values might be due to the hairy/fluffy



Fig. 5. CFPD simulation result of particle fluidization after residence time of 2700 s.
(a) scale-1 with diameter of 5 cm and y = 5 (b) scale-2 with diameter of 10 cm and
y = 5 (c) scale-1 with diameter of 5 cm and y = 10 (d) scale-2 with diameter of 10 cm
and y = 10.

Table 6
Simulation results.

Input & Output y = 5 y = 10

Scale-1 Scale-2 Scale-1 Scale-2

Conversion
Xg

Simulation
results

0.45 0.53 0.36 0.36

Model
predictions

0.50 0.50 0.34 0.34

Bed voidage Simulation
results (e)

0.76 0.72 0.72 0.69

Model
input

e 0.76 0.72 0.72 0.69
emf 0.64 0.58 0.63 0.58

Diameter
Db (cm)

Simulation
input

5 10 5 10

Model
predictions

5 10 5 10

Bed height
H (cm)

Simulation
results

88.6 76.6 45.3 42.2

Model
predictions

81.4 69.8 44.0 39.5
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structure of the particles, which makes them more difficult to pack
than particles of enclosed surface.

The correlations between the bed voidage and the column
diameter have been reported by several researchers (Ellenberger
and Krishna, 1994; Krishna et al., 1997). The authors observed that,
in a dilute phase, the bed voidage is a strong function of column
diameter. They also observed that the gas holdup or bed voidage
decreases as the column diameter increases. As our system deals
with a highly dilute system with a voidage above 0.7, the increase
in voidage at low column diameters in Table 6 is justified. The
problem is that it is very hard to predict the exact value of the
bed voidage. There are models available that can predict the bed
voidage (Hirata and Bulos, 1990; Richardson and Zaki, 1954), but
such models are limited to solid–liquid fluidization systems. For
a quick estimation of the bed voidage at minimum fluidization
(emf), one can perform a simple cold bed experiment or preliminary
11
simulation at a given column dimension with no chemistry
involved.

Overall, the model prediction from this work can serve as an ini-
tial guideline for designing a steady-state continuous FCVD reactor
with a slow reaction rate when only limited information including
the target production rate, yield and conversion rate is available.
The model presented here is aimed at direct industrial applications
where all the abstruse theoretical and experimental data are not
always available.
4. Conclusion

The present work suggests a simple model to determine FBCVD
column dimension at a target production rate and conversion. The
calculation results using the proposed model suggest that the col-
umn dimension should be adjusted depending on the conversion
and the target yield of the particles. For instance, initial input value
of higher conversion would result in decreased column diameter
and inversely, one can seek to achieve higher conversion by
decreasing column diameter at the stage of process design of the
reaction column. Additionally, under the same reaction conditions
at a fixed conversion and production rate, the column diameter
should be increased in order to increase the yield.

The model calculations and simulation results show that the
model proposed in this work agrees well with CPFD simulation
results. The model is expected to serve as an initial guideline for
engineers who are to design an FBCVD reactor at the basic engi-
neering step. Additionally, it should be pointed out that the pro-
posed model predicts the bed dimension, not the dimension of
the column. Therefore, one has to give a reasonable margin to
the bed height to determine the final column height, while the
bed diameter should coincide with the inner diameter of the col-
umn. The model proposed in this article incorporates a term for
gas volume changes due to the CVD reaction. This modelling fea-
ture enables system prediction at various reaction conditions and
thus would be crucial in process optimization.
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